The Derksen-Hadas-Makar-Limanov theorem (2001) says that the invariants for nontrivial actions of the additive group on a polynomial ring have no intruder. In this paper, we generalize this theorem to the case of stable invariants.
Introduction
Throughout this paper, let k be a domain unless otherwise stated, and k[x] = k[x 1 , . . . , x n ] the polynomial ring in n variables over k, where n ≥ 1. . The Derksen-Hadas-Makar-Limanov theorem [DHM, Theorem 3 .1] says that the invariants for any nontrivial G a -action on k [x] have no intruder. This theorem implies that, if f 1 , . . . , f n ∈ k[x] satisfy k[f 1 , . . . , f n ] = k [x] , then no element of k[f 2 , . . . , f n ] has an intruder [DHM, Corollary 3.2] .
The purpose of this paper is to present "stable versions" of the results above. For m ≥ n, let k[x] = k[x 1 , . . . , x m ] be the polynomial ring in m variables over k.
, then f is a stable G a -invariant by definition. However, it is not known whether the converse holds in general (cf. Section 3).
We generalize the Derksen-Hadas-Makar-Limanov theorem as follows.
This theorem is a consequence of a more general result as follows. Let Γ be a totally ordered additive group, i.e., an additive group equipped with a total ordering such that α ≤ β implies α + γ ≤ β + γ for each α, β, γ ∈ Γ. For example, R is a totally ordered additive group for the standard ordering. Take any w = (w 1 , . . . , w n ) ∈ Γ n . We denote a · w = a 1 w 1 + · · · + a n w n for a = (a 1 , . . . , a n ) ∈ Z n . For each f ∈ k[x] \ {0}, we define the w-degree deg w f and w-initial form f w by
where
. We remark that f ∈ k[x] \ {0} has no intruder if and only if, for each w ∈ R n with f w a monomial, there exists 1
, and w an element of Γ n which satisfies the following condition, where
v are algebraically independent over k, and deg v p i (0) = w i for i = 1, . . . , n.
In this situation,
The following theorem will be proved in the next section.
[z] and w ∈ Γ n be as above, and
. We claim that any w ∈ Γ n satisfies ( * ) for this φ.
φ . Therefore, we obtain the following theorem as a consequence of Theorem 1.2.
Since S = {x 1 , . . . , x n } satisfies trans.deg k k[S] = n, Theorem 1.1 follows from Theorem 1.3 by virtue of the above remark on intruders. As another application of Theorem 1.3, we obtain the following theorem. Assume that n ≥ 2, and let f 1 be a stable coordinate of k [x] . Then, there exist m ≥ n and f 2 , .
, we obtain the following corollary to Theorem 1.4. Corollary 1.5. Assume that n ≥ 2. Let f be a stable coordinate of k [x] , and let
It 
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Proof of Theorem 1.2
For a domain R and a subring S of R, we say that S is factorially closed in R if ab ∈ S implies a, b ∈ S for each a, b ∈ R \ {0}. We remark that R is algebraically closed and factorially closed in the polynomial ring R[x 1 , . . . , x n ] if R is a domain.
Let R and R ′ be domains, and ψ : R → R ′ [x 1 , . . . , x n ] a homomorphism of rings. Then, the following lemma holds for
Lemma 2.1. If ψ is injective, then R ψ is algebraically closed and factorially closed in R.
Proof. Since R ′ is algebraically closed and factorially closed in R ′ [x 1 , . . . , x n ], we see that ψ(R) ∩ R ′ is algebraically closed and factorially closed in ψ(R). Hence, the lemma follows by the injectivity of ψ.
For w ∈ Γ n and (0, . .
l with l ≥ 1, we set δ = max{deg w f i | i = 1, . . . , l} and I = {i | deg w f i = δ}.
Then, we have the following lemma, which can be verified easily.
be a homomorphism of k-algebras with ψ(x i ) = 0 for each i. For u ∈ Γ m , we define a homomorphism
With this notation, the following proposition holds.
Proof. Write f as in (1.1), and set
and so
Thus, we have i∈I f i = f u ψ . Therefore, we know that
By Lemma 2.2, it follows that ψ(f ) u = ( i ψ(f i )) u is equal to the left-hand side of the preceding equality, and hence to ψ u (f u ψ ).
ψ u be the k-subalgebras of k[x] defined as the inverse images of k[x 1 , . . . , x l ] by ψ and ψ u , respectively. Then, we have the following theorem.
3. This is an element of k[x 1 , . . . , x l ], since so is ψ(f ) by the choice of f .
(ii) Since ψ u is injective by assumption, k[x] ψ u is algebraically closed and factorially closed in k[x] by Lemma 2.1. Since
ψ u is less than n. Since trans.deg k k[S] = n by assumption, we may find y 1 , . . . , y n ∈ S such that trans.deg k k[y 1 , . . . , y n ] = n. Suppose that the assertion is false. Then, for each 1 ≤ i ≤ n, there exists
ψ u by (i), and is divisible by y 1 , . . . , y n due to (1.2). Since k [x] ψ u is factorially closed in k [x] , it follows that y 1 , . . . , y n belong to k [x] ψ u , a contradiction. Now, let us complete the proof of Theorem 1.2. Note that Γ is torsionfree due to the structure of total ordering. Hence, we may regard Γ as a subgroup of Q ⊗ Z Γ which also has a structure of totally ordered additive group induced from Γ. Write
by assumption, we have p i,j = 0 for some 1 ≤ i ≤ n and j ≥ 1.
m+1 , where
We show that u φ = w, φ u is injective, and
. Then, the proof is completed by Theorem 2.4 (ii).
By the maximality of deg v φ, we have deg v p i,j − w i ≤ j deg v φ, and so
Since p i (0) v 's are algebraically independent over k, we see that φ u (x i )'s are algebraically independent over k. Therefore, φ u is injective. By the definition of deg v φ, there exist 1 ≤ i 0 ≤ n and j 0 ≥ 1 such that deg
. This completes the proof of Theorem 1.2.
3 Remarks on stable coordinates and stable G a -invariants Shpilrain-Yu [SY] remarked that every stable coordinate of C[x] is a coordinate of C[x] for n = 2, 3. In the case of n = 2, their proof is based on the theorem of Abhyankar-Moh [AM] and Suzuki [Su] , and the cancellation theorem of Abhyankar-Heinzer-Eakin [AHE] . Hence, the result is valid not only for C, but also for any field of characteristic zero. By Proposition 3.1 below, the statement holds for a more general class of commutative rings.
Recall that a commutative ring k with identity is said to be steadfast if the following condition holds for any commutative ring A containing k (cf. [H] ):
The following remark is due to Amartya K. Dutta who answered the author's question on his visit to Indian Statistical Institute in 2013 (see also [BD] ).
Proposition 3.1. Let k be a commutative ring with identity such that For example, integrally closed domains are steadfast due to Asanuma [A] (see also [AHE] and [H] In the case of n = 3, Shpilrain-Yu used the cancellation theorem of Miyanishi-Sugie [MS] and Fujita [Fu] , and the result of Kaliman [K] to show that every stable coordinate of C[x] is a coordinate of C [x] . Neena Gupta
